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On the Theory of Ends
of a Pro-p Group
by Kay Wingberg
Abstract. We study the groupH1(G,Fp[[G]]) of ends of a pro-p group
G and prove a pro-p analog of Stallings’ decomposition theorem.
One of the most important results in the theory of abstract groups is Stallings’
decomposition theorem [16]. Let e(G) = 1 + dimF2 H
1(G,F2[G]) be the number
of ends of an infinite finitely generated abstract group G. Then e(G) = 1, 2 or∞,
and e(G) = 2 if and only if G has a subgroup of finite index which is isomorphic
to Z (Hopf 1943). If G is torsion-free, then the theorem of Stallings (1968) asserts
that e(G) =∞ if and only if G is a free product of non-trivial subgroups. Up to
now it was impossible to obtain an analog of this theorem for profinite groups.
But we will see that for pro-p groups the situation is much better.
If p is a fixed prime number and G a pro-p group, then ΛG denotes the
completed group ring Fp[[G]] of G over Fp and IG is its augmentation ideal, i.e. the
kernel of the augmentation map ΛG ։ Fp. Consider the (continuous) cohomology
groups H i(G,Fp[[G]]) and let
hi(G) = dimFp H
i(G,Fp[[G]]).
The number
e(G) = 1− h0(G) + h1(G)
is called the number of ends of G. If G is infinite, then e(G) = 1 + h1(G).
We denote the coinvariants of a left (resp. right) ΛG-module M by MG =
M/IGM (resp. MG =M/MIG). Considering the right ΛG-module H
1(G,Fp[[G]]),
let
f(G) = dimFp H
1(G,Fp[[G]])G.
For pro-p groups first results were obtained by Korenev [9]. He proved the
following analog of Hopf’s theorem:
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Theorem 1: Let G be a pro-p group, then
(i) e(G) = 0, 1, 2 or ∞.
(ii) e(G) = 0 if and only if G is finite.
(iii) e(G) = 2 if and only if G has an open subgroup isomorphic to Zp.
In particular, if G is infinite, then h1(G) = 0, 1 or ∞, and if G is torsion-free,
then h1(G) = 1 if and only if G ∼= Zp.
We call a non-trivial pro-p group G freely decomposable if it is the free
pro-p product of s non-trivial closed subgroups with s > 1; otherwise G is called
freely indecomposable. By s(G) we denote the number of freely indecompos-
able factors of G (which is well-defined, see theorem (2.1) below).
We will give an alternative short proof of Korenev’s theorem, but our main
result will be the following pro-p analog of Stallings’ theorem.
Theorem 2: Let G be a finitely generated pro-p group. Then the following two
assertions are equivalent:
(i) G is freely decomposable.
(ii) IG is decomposable as left Fp[[G]]-module.
Furthermore, the following are equivalent:
(iii) There exists an open subgroup H of G such that every open subgroup of H
is freely decomposable.
(iv) dimFp H
1(G,Fp[[G]]) =∞.
If, in addition, G is torsion-free, then all four statements are equivalent.
Corollary 1: Let G be a finitely generated torsion-free pro-p group. Then the
following assertions hold:
1. If G is not free, then G is the free pro-p product of s(G) = f(G) + 1
freely indecomposable closed subgroups; furthermore, the Fp[[G]]-module
H1(G,Fp[[G]]) is free of rank f(G). If G is free, then s(G) = f(G) and
there is an exact sequence 0→Fp[[G]]→Fp[[G]]
f(G)→H1(G,Fp[[G]])→ 0.
2. Let H be an open subgroup of G. Then
s(H) = (G : H)(s(G)− 1) + 1.
In particular, G is freely indecomposable if and only if H is, and IG is
indecomposable as left Fp[[G]]-module if and only if IH is indecomposable.
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We recall the notion of a pro-p duality group [12] (3.4.6): For a discrete
G-module A and i ≥ 0, let
Di(G,A) = lim−→
U
H i(U,A)∨,
where ∨ denotes the Pontryagin-dual, the direct limit is taken over all open sub-
groups U of G and the transition maps are the duals of the corestriction maps.
Di(G,A) is a discrete G-module in a natural way. Assume that the cohomological
dimension cdpG = n is finite. Then the G-module
D(G) = lim
−→
ν∈N
Dn(G,Z/p
νZ)
is called the dualizing module of G and we have in a natural way the trace map
tr : Hn(G,D(G))−→Qp/Zp .
The pro-p group G is called a duality group of dimension n if for all i ∈ Z
and all finite p-primary G-modules A, the cup-product and the trace map
H i(G,Hom(A,D(G))×Hn−i(G,A)
∪
−→Hn(G,D(G))
tr
−→Qp/Zp
yield an isomorphism H i(G,Hom(A,D(G))) ∼= Hn−i(G,A)∨.
Corollary 2: Let G be a finitely generated pro-p group of cohomological dimen-
sion cdpG ≤ 2. Then G is the free pro-p product of finitely many duality groups
and the following assertions are equivalent:
(a) G is a duality group of dimension 2.
(b) G is freely indecomposable.
(c) IG is indecomposable as left Fp[[G]]-module.
In particular, if G is a 2-generator group with cdpG = 2, then G is a duality
group.
Remarks:
1. If G is a finitely generated FAB pro-p group, i.e. the abelianization Uab
of every open subgroup U of G is finite, then, by the principal ideal theorem,
H1(G,Fp[[G]]) = 0, see (1.3)(iii) below. One easily sees directly that G is freely
indecomposable: suppose that G = H1 ∗ H2 is a non-trivial decomposition and
let U be the kernel of the map G ։ Z/pZ, where each Hi surjects onto Z/pZ.
By the pro-p analog of Kurosh’ subgroup theorem U has a free factor of rank
r = p− 1, hence Uab surjects onto (Zp)
r, a contradiction.
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2. In number theory an example of a class of pro-p groups satisfying the first
assertion of corollary 2 was known before: let GS = Gal(kS(p)|k) be the Galois
group of the maximal p-extension of a number field k unramified outside the set
S of primes of k. If p 6= 2, k contains the group of p-th roots of unity and S is
finite and contains all primes above p and all archimedean primes, then cdpG ≤ 2
and GS is a free pro-p product of duality groups, i.e. it is itself a duality group
or a free pro-p product of decomposition groups and a free pro-p group, see [12]
(10.9.8).
3. In an appendix we collect corresponding results in the case of abstract groups.
4. After finishing this paper we learned that Th. Weigel and P. A. Zalesskiˇı also
proved an analogue of Stallings’ decomposition theorem (for arbitrary finitely
generated pro-p groups) using a slightly different defininition for the group of
ends, see [19]. Finally I would like to thank Thomas Weigel and John MacQuarrie
for pointing out some errors in an earlier version of this paper.
1 Decomposition of IG
Let p be a fixed prime number, G a pro-p group and k a finite field of char-
acteristic p. Then ΛG(k) = k[[G]] denotes the completed group ring of G over
k with augmentation ideal IG(k); ΛG(k) is a local ring and indecomposable as
ΛG(k)-module. Observe that a projective ΛG(k)-module is free. If k = Fp, we
write for short ΛG = ΛG(Fp) and IG = IG(Fp).
For the proof of the following result we refer to [18] prop.(2.1).
Proposition 1.1 Let G be a pro-p group.
(i) Let M be a non-zero indecomposable finitely generated left ΛG(k)-module.
Then EndΛG(k)(M) is a local ring.
(ii) The Krull-Schmidt-Azumaya theorem holds, i.e. if M is a finitely generated
left ΛG(k)-module, then M is expressible as a finite direct sum of indecom-
posable left submodules. Further, if
M =
r⊕
i=1
Mi =
s⊕
j=1
Nj ,
are two such sums, then r = s and, by re-ordering, we have Mi ∼= Ni,
i = 1, . . . , r.
We introduce a notation which is used frequently in representation theory:
write
N |M
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to mean that the ΛG(k)-module N is isomorphic to a direct summand of the
ΛG(k)-module M .
Corollary 1.2 Let G be a pro-p group, N1, N2 and M left ΛG(k)-modules where
M is non-zero, finitely generated and indecomposable.
Then M |(N1 ⊕N2) implies M |N1 or M |N2.
Proof: This is a formal consequence of the fact that EndΛG(k)(M) is a local
ring, see for example [10] (4.5). 
Let G∗ = Gp[G,G] be the Frattini-subgroup of G, then
d(G) = dimFp G/G
∗ = dimFp H
1(G,Z/pZ)
is the minimal number of generators of G. If V ⊆ U are open normal subgroups
of G, then
VerVU : U/U
∗−→(V/V ∗)U
is the transfer map.
Let k be finite field and let M be a compact left ΛG(k)-module and N
a compact ΛG(k)-bimodule. Then the group HomΛG(k)(M,N) of continuous
G-homomorphisms with the compact-open topology becomes a compact right
ΛG(k)-module by (ϕg)(m) = ϕ(m)g, ϕ ∈ HomΛG(k)(M,N), g ∈ G,m ∈ M. The
continuous cohomology group H1(G,M) has a natural structure as a right ΛG(k)-
module which is induced by the action on the group of 1-cocycles: Let a : G→M
be a 1-cocycle and g ∈ G, then (a · g)(x) = a(x)g for x ∈ G.
Lemma 1.3 Let G be a pro-p group.
(i) There is a natural ΛG-isomorphism
H1(G,Fp[[G]]) ∼= lim
←−
U
H1(G,Fp[G/U ]),
where U runs through the normal open subgroups of G.
(ii) Let H be an open subgroup of G. Then there is a natural ΛH-isomorphism
H1(G,Fp[[G]])
sh
∼−→ H
1(H,Fp[[H ]]).
(iii) If G is finitely generated, then there are natural ΛG-isomorphisms
H1(G,Fp[[G]]) ∼= ( lim−→
U,VerUG
U/U∗)∨ ∼= D1(G,Fp)
∨,
where the limit is taken over the transfer maps.
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Proof: Using [12] (2.7.6) and Shapiro’s lemma [12] (1.6.4), we have
H1(G,Fp[[G]]) ∼= lim
←− U
H1(G,Fp[G/U ]) ∼= lim
←− U
H1(U,Fp),
H1(G,Fp[[G]]) = H
1(G, IndGHFp[[H ]])
sh
∼→ H
1(H,Fp[[H ]]).
If G is finitely generated, then the groups H1(G,Fp[G/U ]) are finite and the
ΛG-module H
1(G,Fp[[G]]) is compact. Pontryagin-duality gives
H1(G,Fp[[G]]) ∼= (lim−→
U
H1(U,Fp)
∨)∨ ∼= (lim−→
U
U/U∗)∨ ∼= D1(G,Fp)
∨.

Let G be an infinite pro-p group. Then HomΛG(Fp, ΛG) = 0. Since
Ext1ΛG(Fp, ΛG) = H
1(G,ΛG) and HomΛG(ΛG, ΛG) = ΛG,
see [12] (5.2.14), the exact sequence
0−→ IG−→ΛG−→Fp−→ 0
yields the exact sequence
(∗) 0−→ΛG
φG
−→HomΛG(IG, ΛG)−→H
1(G,ΛG)−→ 0 ,
where φG(λ) : x 7→ xλ.
Proposition 1.4 Let G be a pro-p group.
(i) If IG is decomposable, then G is infinite and h
1(G) 6= 0.
(ii) If h1(G) 6= 0, then there exists an open subgroup H of G such that IH has a
direct summand isomorphic to ΛH .
(iii) If IG ∼= ΛG, then G ∼= Zp and h
1(G) = 1.
(iv) If 0 < h1(G) < ∞, then h1(G) = 1 and there exists an open subgroup H of
G isomorphic to Zp.
Proof: (i) Let IG = M1 ⊕M2 be a non-trivial decomposition of IG. If G is
finite, then (M1)
G ⊕ (M2)
G = (IG)
G and dimFp(IG)
G = 1 implies that M1 = 0 or
M2 = 0. Thus G has to be infinite. We consider the exact sequence
0−→ΛG−→HomΛG(M1, ΛG)⊕ HomΛG(M2, ΛG)−→H
1(G,ΛG)−→ 0.
Since the groups HomΛG(Mj , ΛG), j = 1, 2, are non-zero and ΛG is indecompos-
able, assertion (i) follows.
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(ii) Since H1(G,ΛG) = lim
←− U
H1(U,Fp) 6= 0, see (1.3)(i), and since the diagram
H1(G,ΛG)
∼sh

// H1(G,Fp)
H1(U,ΛU) // H
1(U,Fp)
cor
OO
commutes, see [12] (1.6.5), there exists an open subgroup H of G such that
the canonical map H1(H,Fp[[H ]])→H
1(H,Fp) induce by the augmentation map
Fp[[H ]]→Fp is not zero. Now the commutative and exact diagram
HomΛH(IH ,Fp)
∼ // H1(H,Fp)
0 // ΛH // HomΛH (IH , ΛH)
//
OO
H1(H,ΛH) //
OO
0
shows that there exists a ΛH-homomorphism IH→ΛH which is surjective as its
image is not contained in IH . It follows that IH ∼= ΛH⊕M with some ΛH-module
M (possibly trivial).
(iii) The exact sequence 0→ΛG→ΛG→Fp→ 0 shows that the projective
dimension of Fp as ΛG-module is equal to 1, hence cdpG = 1, see [12] (5.2.13).
Since IG ∼= (ΛG)
r for a free pro-p group G of rank r, [12] (5.6.3), (5.6.4), we
obtain G ∼= Zp, and so h
1(G) = 1.
(iv) Since 0 < h1(G) < ∞, G has to be infinite by Shapiro’s lemma. Using
(ii), we see that there exists an open subgroup H of G such that IH has a direct
summand isomorphic to ΛH , i.e. IH ∼= ΛH ⊕M for some ΛH-module M . We get
the commutative and exact diagram
HomΛH (M,ΛH) _

0 // ΛH
φH // HomΛH (IH , ΛH)
//

H1(H,ΛH) // 0
ΛH
ε // HomΛH(ΛH , ΛH).
The image of φH consists of homomorphisms IH → ΛH given by right-multiplica-
tion with an element λ ∈ ΛH . Since the ΛH-annulator of ΛH is zero, the map ε
is injective. It follows that HomΛH(M,ΛH) injects into H
1(H,ΛH) ∼= H
1(G,ΛG).
Hence this module is finite and so fixed by an open subgroup H0 of H . Therefore
the map ι ∈ HomΛH (M,ΛH), ι : M →֒ IH →֒ ΛH , has an image in (ΛH)
H0 = 0,
hence M = 0. Thus IH ∼= ΛH , and so H ∼= Zp and 1 = h
1(H) = h1(G) by (iii).
This proves (iv). 
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Proof of Theorem 1: Obviously h0(G) ≤ 1 and h0(G) = 1 if and only if G is
finite. Using Shapiro’s lemma, we obtain assertion (ii).
Assume that 0 < h1(G) <∞. Then G has to be infinite by Shapiro’s lemma
and e(G) = h1(G) + 1. From (1.4)(iv) it follows that h1(G) = 1 and the exists
an open subgroup H of G isomorphic to Zp, i.e. the assertions (i) and (iii) hold.
If G is torsion-free, then a theorem of Serre, see [15], implies that cdpG = 1,
and so G ∼= Zp. 
Lemma 1.5 Let G and H be pro-p groups and k a finite field of characteristic
p. Let M be a left compact ΛH(k)-module, L a compact (ΛG(k), ΛH(k))-bimodule
and N a left ΛG(k)-module. Assume either that N is compact and M and L are
finitely generated or that N is discrete.
(i) There is a canonical isomorphism
S : HomΛH (k)(M,HomΛG(k)(L,N)) −→
∼ HomΛG(k)(L⊗ˆΛH (k)M,N),
such that (Sϕ)(l⊗ˆm) = ϕ(m)(l). This morphism induces a natural equiva-
lence of functors.
(ii) Let H be a closed subgroup of G. Considering ΛG(k) as (ΛG(k), ΛH(k))-
bimodule, there are canonical isomorphisms
ExtiΛH(k)(M,ResHN) −→
∼ ExtiΛG(k)(ΛG(k)⊗ˆΛH (k)M,N), i ≥ 0,
where ResHN denotes the ΛH(k)-module N obtained by restriction of scalars.
Proof: If A and B = lim
←− i
Bi are compact ΛG(k)-modules (Bi finite ΛG(k)-
modules), where A is finitely generated, then
HomΛG(k)(A,B) = lim
←− i
HomΛG(k)(A,Bi)
is a compact ΛG(k)-module.
Now assertion (i) is the topological analog of [4] chap.II (5.2) or [6] (2.19):
see [3](2.4), where N is discrete, and take the projective limit if N is compact.
In order to prove (ii), take L = ΛG(k) and observe that HomΛG(k)(ΛG(k), N)
and ResHN are isomorphic as left ΛH(k)-modules. Then we obtain from (i) the
assertion for i = 0. Since ΛG(k) is ΛH(k)-projective, the functor ΛG(k)⊗ˆΛH (k)−
is exact, and so, taking a ΛH(k)-projective resolution ofM , we obtain the desired
isomorphisms for all i ≥ 0, see also [4] VI. Proposition (4.1.3). 
Let G be a pro-p group and let H be a closed subgroup. If I is a left ideal of
ΛH , then ΛG⊗ˆΛHI
∼= ΛG I, see [17] (4.3): Applying the exact functor ΛG⊗ˆΛH−
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to the exact sequence 0→ I→ΛH gives 0→ΛG⊗ˆΛHI→ΛG with image ΛG I. In
particular,
JH := ΛG⊗ˆΛHIH = Ind
G
HIH
is the left ideal of ΛG generated by IH . The Frobenius reciprocity (1.5)(ii) gives
the natural isomorphisms
ExtiΛH (IH ,ResHN)
∼= ExtiΛG(JH , N)
for i ≥ 0, where N is a discrete left ΛG-module or N is compact and H is finitely
generated.
The following result is a pro-p analog of a theorem for abstract groups, see [5]
theorem (4.7).
Proposition 1.6 Let G be a pro-p group, and let Hj, 1 ≤ j ≤ n, be closed
subgroups. Then the following assertions are equivalent
(i) G = H1 ∗ · · · ∗Hn.
(ii) IG = JH1 ⊕ · · · ⊕ JHn .
Proof: By [12] (4.1.5) we know that (i) is equivalent to
(iii) H i(G,Fp)
res
∼−→
n⊕
j=1
H i(Hj,Fp), i = 1, 2.
From the exact sequence 0→ IG→ΛG→Fp→ 0 we obtain the isomorphisms
ExtiΛG(IG,Fp) −→
∼ Exti+1ΛG (Fp,Fp) = H
i+1(G,Fp), i = 0, 1.
Since ExtiΛG(JHj ,Fp)
∼= ExtiΛHj
(IHj ,Fp), assertion (iii) is equivalent to
(iv) ExtiΛG(IG,Fp)
can
∼−→
n⊕
j=1
ExtiΛG(JHj ,Fp), i = 0, 1.
Therefore (ii) implies (i). Conversely, from the exact sequence
0−→M −→
n⊕
j=1
JHj −→ IG−→ 0,
where M is defined as kernel of the natural surjection on the right, we obtain the
exact sequence
0→HomΛG(IG,Fp)→
n⊕
j=1
HomΛG(JHj ,Fp)→HomΛG(M,Fp)
→Ext1ΛG(IG,Fp)→
n⊕
j=1
Ext1ΛG(JHj ,Fp).
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Using (iv), we obtain HomΛG(M,Fp) = 0, hence M = 0. This completes the
proof of the proposition. 
The following corollary can also be obtained from theorem (3.4) in [13].
Corollary 1.7 Let G be a finitely generated pro-p duality group of dimension
n ≥ 2. Then G is freely indecomposable.
Proof: By [12] (3.4.6) we have D1(G,Fp) = 0, if G is a duality group of dimen-
sion n ≥ 2. Using lemma (1.3)(iii), it follows that h1(G) = 0. Hence proposition
(1.6) and proposition (1.4)(i) gives the result. 
In order to establish a decomposition of the form IG = JH1 ⊕ · · · ⊕ JHn we
will need the following lemmata.
Lemma 1.8 Let U be a closed subgroup of the pro-p group G and let k be a finite
field of characteristic p. Then
ResUIG(k) = IU(k)⊕ P,
where P is a free ΛU(k)-module. If U is open and normal in G of index d and
if {η1, . . . , ηd−1} ⊆ IG(k) is an arbitrary pre-image of a k-basis of IG/U(k) under
the canonical surjection IG(k)։ IG/U(k), then
ResUIG(k) = IU(k)⊕
d−1⊕
i=1
ΛU(k) ηi.
Proof: Consider the commutative and exact diagram
0 // ResUIG(k) // ResUΛG(k) // k // 0
0 // IU(k)
?
OO
// ΛU(k) //
?
ϕ
OO
k // 0,
where ϕ(ΛU(k)) is some free summand (of rank 1) of the free ΛU(k)-module
ResUΛG(k). It follows that ResUIG(k) surjects onto the free ΛU(k)-module
P = ResUΛG(k)/ϕ(ΛU(k)), showing the first statement. Since ResUΛG(k) =⊕d−1
i=0 ΛU(k) ηi, η0 = 1, the second is also obvious. 
Recall that a ΛG(k)-module M is called G-H-projective, where H is a closed
subgroup of the profinite group G, iff ever a ΛG(k)-epimorphism B ։ M splits
as a ΛH(k)-module homomorphism, then it splits as a ΛG(k)-module homomor-
phism, see [10] (3.1),(3.2).
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Lemma 1.9 Let G be a finitely generated pro-p group and H a closed subgroup
of G. Let M be a finitely generated ΛG-module and k|Fp a finite extension of
fields. Then
(i) M is G-H-projective⇔ k⊗ˆFpM is G-H-projective.
(ii) Assume in addition that M |IG and M is indecomposable and not isomorphic
to ΛG. Then
M |IndGHIH ⇔ k⊗ˆFpM |Ind
G
HIH(k).
Proof: (i) If A is a ΛG-module, then we put A¯ = k⊗ˆFpA. Let M¯ be G-H-
projective and let
(∗) 0−→A−→B−→M −→ 0
be an exact sequence of ΛG-modules which is H-split. Applying the exact functor
k⊗ˆFp−, we obtain the exact sequence 0→ A¯→ B¯→ M¯ −→ 0 of ΛG(k)-modules
which is H-split, hence G-split. Therefore we obtain for every open normal
subgroup N of G a split exact sequence
0−→ A¯N −→ B¯N −→ M¯N −→ 0
of k[G/N ]-modules. If follows that the sequences 0→AN→BN→MN→ 0 are
exact and these sequences split since
k ⊗Fp ExtFp[G/H](MN , AN) −→
∼ Extk[G/H](M¯N , A¯N),
see [6] (8.16). Thus the sequence (∗) is G-split.
Conversely, if M is G-H-projective, then M |IndGHResHM , [10] (3.2), and so
k⊗ˆFpM |Ind
G
HResH(k⊗ˆFpM). Again by [10] (3.2), it follows that k⊗ˆFpM is G-H-
projective.
(ii) In order to prove the non-trivial implication, let k⊗ˆFpM |Ind
G
HIH(k). Then
k⊗ˆFpM is G-H-projective, and so M is G-H-projective. Using (1.8), we have
ResHM |IH ⊕ P0, where P0 is a free ΛH-module, and, using [10] (3.2), we obtain
M |IndGHResHM |Ind
G
HIH ⊕ P,
where P is a free ΛG-module. Since M is indecomposable and not free, it follows
that M |IndGHIH , see (1.2). 
Lemma 1.10 Let G be a finitely generated pro-p group. Assume that there is a
decomposition
IG = P ⊕M
of left ΛG-modules where P is free of rank r. Then there exists a free pro-p
subgroup F of G of rank r such that
IG = Ind
G
F IF ⊕M.
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Proof: Let n = dimFp G/G
∗ and
G/G∗ =< x1, . . . , xr > ⊕ < xr+1, . . . , xn >
be the decomposition of G/G∗ corresponding to
G/G∗
can
∼−→ IG/I
2
G = PG ⊕MG,
where can is induced by the map σ 7→ σ−1, and so PG =< xi−1, i = 1, . . . , r >.
Let x1 . . . , xn ∈ G be arbitrary pre-images of the xi’s, and let F =< x1, . . . , xr >.
Let Fn be a free pro-p group with basis {y1, . . . , yn} and let
1−→R−→Fn
pi
−→G−→ 1, π(yi) = xi, i = 1, . . . , n,
a be minimal representation of G. If Fr denotes the free subgroup of Fn generated
by {y1, . . . , yr}, then Fr is mapped onto F . Since
IFn =
n⊕
i=1
ΛFn(yi − 1) and IFn/IRIFn =
n⊕
i=1
ΛG(yi − 1),
see [12] (5.6.4), (5.6.6), we obtain a commutative diagram
n⊕
i=1
ΛG(yi − 1)
ϕ
,, ,,
p˜i
// // IG ξ
// // P
r⊕
i=1
ΛG(yi − 1)
p˜i // //
?
ι
OO
X,
?
OO
ψ
EE
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
☛
where π˜ is induced by π, X is the image of (IndFnFr IFr)R =
⊕r
i=1 ΛG(yi−1) under
π˜, ξ is the surjection of IG onto the free factor given by assumption and ϕ resp. ψ
its composition with π˜ resp. the inclusion. The map ιϕ = ψπ˜ is surjective, and so
ψ and π˜ restricted to
⊕r
i=1 ΛG(yi − 1) are bijective. It follows that X = Ind
G
F IF
is a free ΛG-module of rank r, and so F is free of rank r, and IG = X⊕M . 
Lemma 1.11 Let G be a finitely generated pro-p group and k a finite field of
characteristic p. Let
IG(k) = M ⊕R
be a non-trivial decomposition of IG(k) into left ΛG(k)-modules, where M is in-
decomposable and not free. Then there exists a proper open normal subgroup E
of G such that
M |IndGEIE(k) and M + IG(k)
2 = IE(k) + IG(k)
2.
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Proof: Let E be an open normal subgroup of G containing G∗ such that
(E/G∗)⊗ˆFpk corresponds to MG in the decomposition
G/G∗⊗ˆFpk
can
∼−→ IG(k)/IG(k)
2 = MG ⊕ RG.
Then d = (G : E) > 1 since the decomposition of IG(k) is non-trivial and
MG ∼= M + IG(k)
2/IG(k)
2 = IE(k) + IG(k)
2/IG(k)
2.
The map
ϕ˜ : R։ RG →֒ IG(k)/IG(k)
2 →∼ (G/G∗)⊗ˆFpk ։ (G/E)⊗ˆFpk
is surjective. By Nakayama’s lemma it follows that the map
ϕ : R →֒ IG(k)։ IG/E(k)
is surjective, since R
ϕ
→ IG/E(k)։ IG/E(k)/IG/E(k)
2 ∼= (G/E)⊗ˆFpk is the surjec-
tive map ϕ˜. Thus we have the canonical exact and commutative diagram
0 // IndGEIE(k)
// IG(k) // IG/E(k) // 0
0 // R′ //
?
OO
R
ϕ //?

OO
IG/E(k) // 0,
where R′ = R ∩ IndGEIE(k) is the kernel of ϕ. Let ψ : IG(k) ։ IG/E(k) be the
map which is equal to ϕ when restricted to R and zero when restricted to M .
We consider the commutative and exact diagram
k k
(∗) 0 //M ⊕R′ // ΛG(k)
ψ˜ //
OOOO
X //
OOOO
0
0 //M ⊕R′ // IG(k)
ψ //
?
OO
IG/E(k) //
?
OO
0,
where X is defined as the quotient ΛG(k)/(M ⊕ R
′) and ψ˜ is the projection.
Claim : X ∼= ΛG/E(k).
Proof : Let {η1, . . . , ηd−1} ⊆ R be a pre-image with respect to ϕ of a k-basis
of IG/E(k). Using (1.8), we get ResEIG(k) = IE(k) ⊕
⊕d−1
i=1 ΛE(k) ηi. Since⊕d−1
i=1 ΛE(k) ηi ⊆ ResER is a direct summand of ResEIG(k), we obtain
ResER = R˜⊕
d−1⊕
i=1
ΛE(k) ηi, ResER
′ = R˜⊕
d−1⊕
i=1
IE(k) ηi,
where R˜ = IE(k) ∩ ResER. It follows that
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ResEM ⊕ R˜ ⊕
⊕d−1
i=1 ΛE(k) ηi = ResEM ⊕ ResER
= ResEIG(k)
= IE(k)⊕
⊕d−1
i=1 ΛE(k) ηi,
and so ResEM ⊕ R˜ ∼= IE(k). Applying the restriction functor to the diagram (∗),
we obtain the commutative and exact diagram
0 // ResEM⊕R˜⊕
d−1⊕
i=1
IE(k) ηi // ΛE(k)⊕
d−1⊕
i=1
ΛE(k) ηi // ResEX // 0
0 // ResEM⊕R˜⊕
d−1⊕
i=1
IE(k) ηi // IE(k)⊕
d−1⊕
i=1
ΛE(k) ηi //
?
OO
kd−1 //
?
OO
0,
and, dividing out the term
⊕d−1
i=1 IE(k), the commutative and exact diagram
0 // ResEM ⊕ R˜
// ΛE(k)⊕
d−1⊕
i=1
k // ResEX // 0
0 // ResEM ⊕ R˜
// IE(k)⊕
d−1⊕
i=1
k //
?
OO
kd−1 //
?
OO
oo 0.
Since ResEM ⊕ R˜ ∼= IE(k), we obtain ResEX ∼= k
d, and so ResEX is a trivial
E-module, i.e. X is a G/E-module and we obtain a surjection ΛG/E(k) ։ X
which has to be an isomorphism. This proves the claim.
Thus we have two exact sequences of ΛG(k)-modules
0−→M ⊕R′−→ΛG(k)−→ΛG/E(k)−→ 0
0−→ IndGEIE(k)−→ΛG(k)−→ΛG/E(k)−→ 0.
The lemma of Schanuel implies that M ⊕ R′ ⊕ ΛG(k) ∼= Ind
G
EIE(k)⊕ ΛG(k), see
[6] (2.24), thus M |IndGEIE(k) by (1.2). 
Lemma 1.12 Let G be a finitely generated pro-p group and H a closed subgroup.
Let M be a finitely generated ΛG-module such that
M |IndGHIH .
Assume that H is not finitely generated. Then there exists a proper open subgroup
H0 of H such that
M |IndGH0IH0 and IH0 + I
2
G = IH + I
2
G.
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Proof: We may assume that M is contained in IndGHIH . Let N be an open
normal subgroup of G, E a proper open normal subgroup of H containing H∗
and
ϕEN : MN →֒ (Ind
G
HIH)N ։ (Ind
G
HIH/E)N = Ind
G/N
HN/N (IH/E)N∩H .
If N runs through the open normal subgroups of G, then the sets
BN = {H
∗ ⊆ E ( H |E open and normal in H , ϕEN = 0, IE + I
2
G = IH + I
2
G}
together with the inclusion maps BN ′′ →֒ BN ′ , N
′′ ⊆ N ′, form a projective system.
Furthermore, BN = lim
←− H′
BN,H′ ,
BN,H′ = {H
′ ⊆ E ( H |E open and normal in H , ϕEN = 0, IE + I
2
G = IH + I
2
G},
where H ′ ( H is open and normal, H∗ ⊆ H ′, and the transition maps are given
by BN,H′′ →BN,H′ , E 7→ EH
′, if H ′′ ⊆ H ′. Since the sets BN,H′ are finite, the
set BN is compact. We will show that these sets are not empty. Then lim
←− N
BN
is not empty, i.e. there exists a proper open normal subgroup H0 of H such that
the map
ϕE : M →֒ IndGHIH ։ Ind
G
HIH/H0
is zero. It follows thatM ⊆ IndGH0IH0 , henceM |Ind
G
H0IH0, and IH0+I
2
G = IH+I
2
G.
Claim: BN 6= ∅.
Since MN has finite Fp-dimension, the image of the map
MN →֒ (Ind
G
HIH)N ։ (Ind
G
HIH/H∗)N = Ind
G/N
HN/N (IH/H∗)N∩H
is contained in Ind
G/N
HN/NA, where A ⊆ (IH/H∗)N∩H is a H/N ∩ H-module and
finite-dimensional as Fp-vector space. Let N˜ = (N ∩ H)H
∗. Consider the com-
mutative and exact diagram
0 // N˜/H∗ // (IH/H∗)N˜/H∗ // IH/N˜ // 0
0 // A0 //
?
OO
A //
?
OO
A/A0 //
?
OO
0,
where A0 = A ∩ N˜/H
∗. Let S ⊆ H/H∗ be a complement of H ∩G∗/H∗; thus S
has finite Fp-dimension and is mapped isomorphically onto HG
∗/G∗ under the
canonical map H/H∗ ։ HG∗/G∗. Since N˜/H∗ has infinite Fp-dimension and A0
is finite-dimensional, there exists a proper finite-dimensional subspace 0 6= E˜ ⊆
H/H∗ such that E˜ ⊆ N˜/H∗ and E˜ ∩ SA0 = 0. Let E be a proper open normal
subgroup of H containing H∗ such that SA0 ⊆ E/H
∗ and E˜ ⊕ E/H∗ = H/H∗.
It follows that H/E ∼= E˜, N˜E = H and
(IH/E)N˜ = IH/E/IN˜E/EIH/E = IH/E/(IH/E)
2 = H/E.
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Thus the map A →֒ (IH/H∗)N˜ ։ (IH/E)N˜ is zero, and so ϕ
E
N = 0. Furthermore
EG∗/G∗ = HG∗/G∗, i.e. IE + I
2
G = IH + I
2
G. This proves the claim and so the
lemma. 
Proposition 1.13 Let G be a finitely generated pro-p group. Let
IG = M ⊕R
be a decomposition of the augmentation ideal IG into left ΛG-modules, where M is
indecomposable and not isomorphic to ΛG. Then there exists a finitely generated
closed subgroup H of G such that
M ∼= IndGHIH and M + I
2
G = IH + I
2
G.
Proof: We may assume that the decomposition of IG is non-trivial (otherwise
take H = G). We consider the set
M = {U |U a closed subgroup of G such that M |IndGUIU ,M + I
2
G = IU + I
2
G},
which is partially ordered when ordered by inclusion and non-empty by (1.11).
Furthermore, if {U1 ⊇ U2 ⊇ . . . } is a chain in M, then U =
⋂
i Ui is a lower
bound in M; indeed, from [10] (3.7) and (4.2) it follows that M |IndGUResUM .
Since M |IG and so ResUM |ResUIG, we obtain, using (1.8),
ResUM | (IU ⊕ P0), where P0 is ΛU -free,
hence
M | (IndGUIU ⊕ P ), where P is ΛG-free.
Using (1.2), it follows that M |IndGUIU , since M ≇ ΛG, and so
dimFp(M + I
2
G)/I
2
G ≤ dimFp(Ind
G
UIU + I
2
G)/I
2
G = dimFp(IU + I
2
G)/I
2
G.
Since IU + I
2
G ⊆ IUi + I
2
G = M + I
2
G, we obtain M + I
2
G = IU + I
2
G. Now Zorn’s
lemma implies that M has a minimal element H and we have M |IndGHIH and
M + I2G = IH + I
2
G.
The groupH is finitely generated, since otherwise, by (1.12), there would exist
a proper open subgroup H0 of H such that M |Ind
G
H0
IH0 and M + I
2
G = IH0 + I
2
G
which contradicts the minimality of H .
Furthermore, IH(k) is indecomposable for every finite extension k of Fp.
Indeed, suppose the contrary, i.e. IH(k) = A ⊕ B is a non-trivial decomposi-
tion, where A is an indecomposable ΛH(k)-module not isomorphic to ΛH(k),
and k ⊗Fp M |Ind
G
HA (use (1.2)). From (1.11) it follows that A|Ind
H
E IE(k) and
A + IH(k)
2 = IE(k) + IH(k)
2 where E is a proper open subgroup of H . Thus
k ⊗Fp M |Ind
G
EIE(k). Using (1.9)(ii), we get M |Ind
G
EIE . Furthermore
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dimFp(IH + I
2
G)/I
2
G = dimk(k ⊗Fp M + IG(k)
2)/IG(k)
2
≤ dimk(Ind
G
HA+ IG(k)
2)/IG(k)
2
= dimk(A+ IG(k)
2)/IG(k)
2
= dimk(IE(k) + IG(k)
2)/IG(k)
2
= dimFp(IE + I
2
G)/I
2
G.
hence M + I2G = IE + I
2
G. Thus we get a contradiction to the minimality of H .
Now Greens indecomposability theorem for pro-p groups says that IndGHIH is
indecomposable, see [10](6.9), thus M ∼= IndGHIH . 
Theorem 1.14 Let G be a finitely generated pro-p group and let
IG =M1 ⊕ · · · ⊕Ms
be a decomposition into indecomposable left ΛG-modules Mi. Then there ex-
ist freely indecomposable closed subgroups Hi of G such that Ind
G
Hi
IHi
∼= Mi,
i = 1, . . . , s, and
G = H1 ∗ · · · ∗Hs.
In particular, G is freely indecomposable if and only if IG is indecomposable.
Proof: Let r = #{i|Mi ∼= ΛG}, t = s− r and M = M1 ⊕ . . .Mt such that M
has no free summand (after re-numbering). By (1.13) and (1.10), we obtain
IG =M ⊕ Ind
G
F IF , M
∼= IndGH1IH1 ⊕ · · · ⊕ Ind
G
HtIHt ,
where F is a free pro-p subgroup of G of rank r and Hi, i = 1, . . . , t, are closed
subgroups of G such that Mi ∼= Ind
G
Hi
IHi and Mi + I
2
G = IHi + I
2
G. Since
IG/I
2
G = (M1 + I
2
G)/I
2
G ⊕ · · · ⊕ (Mt + I
2
G)/I
2
G ⊕ (IF + I
2
G)/I
2
G
= (IH1 + I
2
G)/I
2
G ⊕ · · · ⊕ (IH1 + I
2
G)/I
2
G ⊕ (IF + I
2
G)/I
2
G,
and so
G/G∗ = H1G
∗/G∗ ⊕ · · · ⊕HtG
∗/G∗ ⊕ FG∗/G∗,
the subgroups H1, . . . , Ht, F generate G. Let Hi ∼= Zp, i = t+1, . . . , s, such that
F = Ht+1 ∗ · · · ∗Hs. It follows that the canonical map
IndGH1IH1 ⊕ · · · ⊕ Ind
G
HsIHs
can
−։ IG ∼=
s⊕
i=1
IndGHiIHi
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induced by the inclusions is surjective. Since an endomorphism of a finitely
generated ΛG-module is an isomorphism, the map can is bijective. Using (1.6),
we see that the homomorphism
H1 ∗ · · · ∗Hs
∼
−→G
induced by the inclusion is bijective.
It remains to show that the groups Hi are freely indecomposable. Suppose one
of the Hi decomposes freely, then by (1.6) the augmentation ideal IG decomposes
in more than s non-trivial summands, which is impossible by the Krull-Schmidt-
Azumaya theorem. This finishes the proof of the theorem. 
2 Free pro-p products
A finitely generated (abstract) group admits a decomposition into a free prod-
uct of freely indecomposable groups, called its Grushko decomposition. The fol-
lowing theorem is a pro-p analog of this result.
Theorem 2.1
(i) Every finitely generated pro-p group G is the free pro-p product of finitely
many freely indecomposable closed subgroups Gi, i = 1, ..., s, i.e.
G =
s
∗
i=1
Gi.
(ii) Let G = ∗i∈I Gi be the free pro-p product of pro-p groups Gi, i ∈ I, and let
H be a finitely generated closed subgroup of G which is freely indecomposable.
Then H ∼= Zp or there exist j ∈ I and σ ∈ G such that H ⊆ (Gj)
σ.
(iii) Let
G =
n
∗
i=1
Gi ∗ Ft =
m
∗
j=1
Hj ∗ Fu
be two decompositions of the finitely generated pro-p group G, where the
closed subgroups Hj and Gi are freely indecomposable and not isomorphic
to Zp and Ft and Fu are free pro-p groups of rank t and u, respectively.
Then n = m, t = u and there are elements σ1, . . . , σn in G such that (after
possibly re-ordering) Gi = (Hi)
σi for i = 1, . . . , n.
In particular, the number s(G) = n + t of freely indecomposable factors
of G is an invariant of G. We call a decomposition as above a Grushko
decomposition.
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Proof: (i) In contrast to the theory of abstract groups, for pro-p groups it is
easy to see that the generator rank d(H1 ∗H2) of a free pro-p product H1 ∗H2 is
d(H1) + d(H2), see [12](3.9.1),(4.1.4), and so assertion (i) is obvious.
(ii) follows from the pro-p analog of Kurosh’ subgroup theorem for finitely
generated closed subgroups of free pro-p products, see [7] Theorem (9.7) or [8]
Theorem (4.4) or [11] Proposition (5.2).
Now we obtain (iii) easily: Using (ii), we get
Gi ⊆ (Hj)
σj ⊆ (Gk)
τk ,
for σj , τk ∈ G. It follows that Gi = (Gk)
τk , hence Gi = (Hj)
σj , and so n = m.
Dividing out the normal closure of the subgroup generated by the Hi’s, we get
an isomorphism Ft ∼= Fu, hence t = u. 
Lemma 2.2 Let
1−→H −→G
ψ
−→G/H −→ 1
be an exact sequence of pro-p groups, where G/H ∼= Fp.
(i) Let G be free of rank r with basis {τ1, · · · , τr} such that ψ maps τ1 to a
generator of G/H and ψ(τi) = 1 for i ≥ 2. Then H is free of rank p(r−1)+1
with basis
{τ p1 , (τi)
(τ1)k , k = 0, . . . , p− 1, i = 2, . . . , r},
and there is a Zp[G/H ]-isomorphism
Hab ∼= Zp ⊕ Zp[G/H ]
r−1.
(ii) Let
G =
n
∗
i=1
Gi ∗ L,
n ≥ 1, and each factor Gi of the free pro-p product is mapped surjectively
onto G/H and L to 1. Then there is a decomposition of H as free pro-p
product
H = H˜ ∗ Fd, H˜ =
n
∗
i=1
Hi ∗
p−1
∗
j=0
L(τ1)
j
,
where Hi = H ∩ Gi, τi ∈ Gi\Hi, i = 1, . . . , n, and Fd is free of rank
(p− 1)(n− 1) with basis {(τiτ
−1
1 )
(τ1)k , i ≥ 2, k = 1, . . . , p− 1}.
Furthermore, if M is the normal subgroup of H generated by H˜ and
F¯d = FdM/M , then there is a Zp[G/H ]-isomorphism
(F¯d)
ab ∼= (IG/H)
n−1.
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Proof: (ii) The pro-p analog of Kurosh’ subgroup theorem for open subgroups
of free pro-p products, see [12] (4.2.1), implies that H has the asserted structure.
In order to find a basis of Fd, we first consider the case Gi =< τi >∼= Zp,
i = 1, . . . , n, and L = 1. Schreier’s subgroup theorem of free groups, see [14]
(3.6.2)(a) for the profinite case, implies that
u1 = τ
p
1 , ui,k = (τiτ
−1
1 )
(τ1)k , ui,p−1 = (τ1)
p−1τi = (τiτ
−1
1 )
(τ1)p−1τ−p1 ,
k = 0, . . . , p− 2, i = 2, . . . , n, is a basis of H . Changing the basis, we get
u1 = τ
p
1 , ui,k = (τiτ
−1
1 )
(τ1)k , ui := ui,0 · · ·ui,p−2ui,p−1 = τ
p
i ,
hence Hi =< τ
p
i >, i ≥ 1, and {(τiτ
−1
1 )
(τ1)k , i ≥ 2, k = 1, . . . , p− 1} is a basis of
Fd.
Dividing out the normal subgroup generated by the subgroups Hi (which is
also normal in G), we are in the case where G1 = · · · = Gn ∼= Fp and L = 1. In
general, we also obtain this case by dividing out the normal subgroup M (which
is also normal in G), and get so the desired result.
Considering the explicitly given basis of Fd, we get the asserted structure of
the Zp[G/H ]-module (F¯d)
ab, or one can see this as follows. First observe that
F¯d ∼= Fd and so (F¯d)
ab is Zp-free. We have G/M =
n
∗
i=1
Gi/Hi and therefore the
exact sequence
1−→ F¯d−→
n
∗
i=1
Gi/Hi−→G/H −→ 1,
inducing the exact sequence
0−→(F¯ abd )G/H −→
n⊕
i=1
Gi/Hi−→G/H −→ 0.
It follows that (F¯ abd )G/H
∼= F n−1p . Since
(F¯d)
ab ∼= Zp[G]
a ⊕ (IG)
b ⊕ Z cp ,
where
(p− 1)(n− 1) = pa + (p− 1)b+ c,
see [6] §30C, we obtain (F¯d)
ab ∼= (IG)
b and b = n− 1.
Finally we see that (i) is a special case of (ii): take n = 1, G1 =< τ1 > and
L =< τ2, . . . , τr >. 
The following theorem is in some sense the converse of lemma (2.2)(ii), i.e. the
converse of a special case of Kurosh’ subgroup theorem; we will use the notion
NG(L) for the normalizer of a closed subgroup L in G.
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Theorem 2.3 Let G be a finitely generated torsion-free pro-p group and let H be
an open normal subgroup such that G/H ∼= Fp. Then H and G have a Grushko
decomposition as a free pro-p product of closed subgroups of the following form:
G =
n
∗
i=1
Gi ∗
m
∗
j=1
Lj ∗ Fδ,
H =
n
∗
i=1
Hi ∗
m
∗
j=1
∗
σ∈G|H
(Lj)
σ ∗ Fd,
n ≥ 0, m ≥ 0, where Gi = NG(Hi) and
Hi is freely indecomposable not isomorphic to Zp and Gi/Hi ∼= Fp,
Lj is freely indecomposable and NG(Lj) = Lj,
Fd and Fδ are free of rank d = (p − 1)(n − 1) and δ = 0, respectively,
if n ≥ 1, and d = δ = 1 otherwise.
The following corollary would be an immediate consequence of the main the-
orem of the introduction, but we have to use it in order to prove this theorem.
Corollary 2.4 Let G be a finitely generated torsion-free pro-p group and let H
be an open subgroup. Then H is freely decomposable if and only if G is freely
decomposable.
Remarks: 1. The assumption that G has to be torsion-free is necessary as the
following example shows: Let G = F2 × Z/pZ, where F2 is a free pro-p group of
rank 2, and H = F2. Then H is freely decomposable, but G not.
2. Also the opposite case is interesting: The group Z/2Z ∗Z/2Z = Z2⋊Z/2Z is
decomposable and has an open subgroup which is freely indecomposable. Kurosh’
subgroup theorem shows that this is the only pro-p group with this property.
Proof of (2.4): The pro-p analog of Kurosh’ subgroup theorem for open sub-
groups of free pro-p products, see [12] (4.2.1), implies the if-part. In order to
show the converse we may assume that H is normal in G of index p. Now the
result follows from (2.3). 
Proof of (2.3): Let
H =
n
∗
i=1
Hi ∗
µ
∗
λ=1
Kλ ∗ Fu,
be a decomposition of H , where Hi and Kλ are freely indecomposable closed
subgroups not isomorphic to Zp, NG(Hi) 6= Hi, i = 1, . . . , n, and NG(Kλ) = Kλ,
λ = 1, . . . , µ, and Fu is free of rank u. Since H is finitely generated and d(H) =∑
i d(Hi) +
∑
λ d(Kλ) + u, the groups Hi and Kλ are finitely generated, too. Let
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Gi = NG(Hi). As NH(Hi) = Hi, see [14] (9.1.12), we have H ∩Gi = Hi, hence a
commutative and exact diagram
0 // H // G // Fp // 0
0 // Hi //
?
OO
Gi //
?
OO
Fp // 0.
It follows from Kurosh’ subgroup theorem that Gi is freely indecomposable. Fur-
thermore, since Kλ 6= (Kλ)
σ for a representative σ ∈ G of σ¯ ∈ G/H , σ¯ 6= 1,
it follows from (2.1)(ii) that (Kλ)
σ is a H-conjugate of Kλ′ for some λ
′ 6= λ.
Therefore, we can assume that the above decomposition is of the form
H = H ′ ∗ Fu, where H
′ =
n
∗
i=1
Hi ∗
m′
∗
j=1
∗
σ∈G|H
(Kj)
σ.
Observe that the normal closure M of H ′ in H is also normal in G, and so we
obtain an exact sequence 1→H/M→G/M→Fp→ 1. Since H/M ∼= Fu, the
group (H/M)ab is Zp-free and there is a Zp[G/H ]-isomorphism
(H/M)ab ∼= Zp[G/H ]
u1 ⊕ (IG/H)
u2 ⊕ (Zp)
u3 ,
where u = pu1 + (p− 1)u2 + u3, see [6] §30C. It follows that H is of the form
H = H˜ ∗ F(p−1)u2+u3,
H˜ =
n
∗
i=1
Hi ∗ ∗
σ∈G|H
(
m′
∗
j=1
Kj ∗ Fu1)
σ =
n
∗
i=1
Hi ∗ ∗
σ∈G|H
m
∗
j=1
(Lj)
σ ;
here Lj is a freely indecomposable factor of the form Kj or Zp and m = m
′ + u1.
In the following we put u = (p−1)u2+u3 and M now denotes the normal closure
of H˜ in H . If we consider a subgroup U of G modulo M , we denote it by U¯ . We
have a Zp[G/H ]-isomorphism
(F¯u)
ab ∼= (IG/H)
u2 ⊕ (Zp)
u3.
Let
G0 =


n
∗
i=1
Gi ∗
m
∗
j=1
Lj , if n > 0,
m
∗
j=1
Lj ∗ Γ , if n = 0,
where Γ = Zp , and let
ϕ : G0−→G
22
be the homomorphism which is the inclusion on each factor Gi or Lj and in the
second case a generator of Γ is mapped to a pre-image in G of a generator of
G/H . We obtain a commutative and exact diagram
1 // H // G // G/H // 1
1 // H0 //
OO
G0 //
ϕ
OO
G/H // 1,
where
H0 = H˜ ∗ Fd,
with d = (p− 1)(n− 1), if n ≥ 1 and d = 1 otherwise. In the first case it follows
that there is a Zp[G/H ]-isomorphism
(F¯d)
ab ∼= (IG/H)
n−1,
see (2.2)(ii) and observe that F¯d = FdN/N where N denotes the normal closure
of H˜ in H0.
Part 1: Let τ ∈ H . Then the subgroup U =< τ, Fu >⊆ H is free.
Proof : Let U = V ∗ Ft, V = ∗k∈I Vk, be a free decomposition of U , where Ft is
free of rank t and the groups Vk are freely indecomposable not isomorphic to Zp .
Since G is torsion-free and so U is, we have d(Vk) > 1 if Vk is not trivial. By the
Kurosh subgroup theorem for finitely generated closed subgroups it follows that
V ⊆M (recall thatM is the normal closure of H˜ inH), hence UM/M = FtM/M .
Since UM/M ∼= F¯u, it follows that t ≥ u, and since d(U) ≤ u+1, we obtain that
U = Ft, where u ≤ t ≤ u+ 1.
Part 2: ϕ is surjective.
Proof : We consider the commutative and exact diagram
D // // C
(H˜ ∗ Fu)
ab //
OOOO
Gab //
OOOO
G/H // 0
(H˜ ∗ Fd)
ab //
OO
G ab0
//
ϕ¯
OO
G/H // 0,
where the map ϕ¯ is induced by ϕ. The cokernel D is an image of F¯ abu and
C = DG. Hence we have an exact sequence
(F¯d/F¯
∗
d )G−→(F¯u/F¯
∗
u )G−→C/C
∗−→ 0.
If ϕ is not surjective, then we need additional generators: Let
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ϕ′ : G0 ∗ Fs ։ G
be surjective, where Fs is free of rank s, and a basis of Fs is mapped onto gen-
erators x1, . . . , xs of G which are pre-images of a basis of C/C
∗ and contained in
Fu\ϕ(Fd) ⊆ H . Let σ ∈ G0 be a pre-image of a generator of G/H under the map
G0
ϕ
→G։ G/H , which is contained in G1 ⊆ G0 if n ≥ 1 and in Γ otherwise. We
denote ϕ′(σ) also by σ. Consider the following subgroup
F0 =< σ > ∗Fs
of G0 ∗Fs and the homomorphism ψ : F0 →֒ G0 ∗Fs ։ G։ G/H . Using (2.2)(i),
we have the exact sequence
1−→E0−→F0
ψ
−→G/H −→ 1,
where
E0 =< σ
p > ∗E ′0, E
′
0 =
p−1
∗
i=0
F σ
i
s ,
and a Zp[G/H ]-isomorphism
(E¯ ′0)
ab = Zp[G/H ]
s.
Furthermore, let F = ϕ′(F0) and E = ϕ
′(E0) = F ∩H . Then
E =< σp, E ′ >
where E ′ ⊆ Fu is the pre-image of ϕ
′(E ′0)M/M ⊆ F¯u. We have the commutative
diagrams
1 // H // G // G/H // 1
1 // E //
?
OO
F
?
OO
// G/H // 1
1 // E0 //
OOOO
F0 //
ϕ′
OOOO
G/H // 1
and
E0 =< σ
p > ∗E ′0 // // E =< σ
p, E ′ >
 _

// // EM/M
 _

= E¯
H = H˜ ∗ Fu
// // H/M = F¯u.
By part 1 the group E is free. Since F as subgroup of G is torsion-free, we obtain
from a theorem of Serre [15] that F is free.
The generator rank of F is d(F ) = 1 + s, as F/F ∗ ∼=< σ¯ > ⊕C/C∗, where
σ¯ = σF ∗. It follows that d(E) = ps+1, hence E ′0 →
∼ E ′ and so (E¯ ′)ab ∼= Zp[G/H ]
s.
By definition of Fs and since C/C
∗ is a direct summand of F¯u/F¯
∗
u , it follows that
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(E¯ ′)ab ⊆ (F¯u)
ab is a direct Zp-summand. Thus we have an exact sequence of
Zp[G/H ]-modules
0−→(E¯ ′)ab−→(F¯u)
ab−→R−→ 0,
where R = (F¯u)
ab/(E¯ ′)ab, which splits as a sequence of free Zp-modules, i.e.
Ext1
Zp
(R, (E¯ ′)ab) = 0. Therefore
Ext1
Zp[G/H](R, (E¯
′)ab) = H1(G/H,HomZp(R, (E¯
′)ab)) = 0,
as HomZp(R, (E¯
′)ab) is a cohomological trivial Zp[G/H ]-module. We obtain a
Zp[G/H ]-isomorphism
R⊕ Zp[G/H ]
s ∼= (F¯u)
ab ∼= (IG/H)
u2 ⊕ (Zp)
u3 ,
hence s = 0. This proves part 2.
Part 3: Let n ≥ 1, then d(G) = d(G0).
Proof : We consider the surjection
G0/G
∗
0 =
n⊕
i=1
Gi/G
∗
i ⊕
m⊕
j=1
Lj/L
∗
j −։ G/G
∗.
Suppose that d(G) < d(G0). Then one summand inG0/G
∗
0 can be replaced by a 1-
codimensional subspace and the corresponding map remains to be surjective. The
only possible replacement is Gi/G
∗
i by HiG
∗
i /G
∗
i , as otherwise the corresponding
map U→G, where U ⊆ G0 is a pre-image of the 1-codimensional subspace of
G0/G
∗
0 obtained by this replacement, would not induce a surjection onto H . Thus
there would be a surjection (after re-ordering)
ϕ′ : G′0 = H1 ∗
n
∗
i=2
Gi ∗
m
∗
j=1
Lj ։ G,
and n has to be bigger or equal to 2. Let σj ∈ Gj\Hj, j = 1, . . . , n. Using the
Kurosh subgroup theorem for open subgroups, we obtain the commutative and
exact diagram
1 //
n
∗
i=1
Hi ∗
p−1
∗
k=0
(
m
∗
j=1
Lj)
(σ2)k ∗ Fu // G // Fp // 1
1 //
p−1
∗
k=0
(H1)
(σ2)k ∗
n
∗
i=2
Hi ∗
p−1
∗
k=0
(
m
∗
j=1
Lj)
(σ2)k ∗ Fd′ //
OOOO
G′0 //
ϕ′
OOOO
Fp // 1,
where u = (p−1)u2+u3, d
′ = (p−1)(n−2) and Fd′ is generated by the elements
(σjσ
−1
2 )
(σ2)k , j = 3, . . . , n, k = 1, . . . , p− 1, see (2.2)(ii).
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Let N ′ be the normal closure of ∗ni=2 Gi ∗ ∗mj=1 Lj in G′0 and let M ′ be its
image in G. From the commutative diagram above it follows that the kernel of
ϕ′ is contained in the normal closure of the subgroup generated by (H1)
(σ2)k−1 ,
k = 1, . . . , p − 1, and Fd′ , in particular in N
′. Therefore we get a commutative
and exact diagram
1 //M ′ // G // H1 // 1
1 // N ′ //
OOOO
G′0 //
ϕ′
OOOO
H1 //jj 1.
It follows that G is the semi-direct product of H1 and M
′. We can assume that
the element σ1 ∈ G1\H1 is chosen such that its pre-image in G
′
0 lies inside N
′.
Then (σ1)
p is contained in H1 ∩M
′, hence (σ1)
p = 1. Thus G contains a torsion
element, which is a contradiction. This finishes the proof of part 3.
Part 4: Let n ≥ 1, then ϕ is an isomorphism.
Proof : We have a commutative and exact diagram
1 // H // G // G/H // 1
1 // H0 //
OOOO
G0 //
ϕ
OOOO
G/H // 1,
K
?
OO
K
?
OO
where K = Kerϕ, H0 = H˜ ∗ Fd, d = (p− 1)(n− 1). Recall that N is the normal
closure of H˜ in H0 (which is also normal in G0) and M is the normal closure of
H˜ in H (which is also normal in G). If we consider a subgroup U of G0 modulo
N , we denote it by U¯ . We have a Zp[G/H ]-isomorphism
(F¯d)
ab ∼= (IG/H)
n−1.
Furthermore, since the inflation map H2(H,Qp/Zp)→∼ H
2(H0,Qp/Zp) is an iso-
morphism, the exact sequence 1→K→H0→H→ 1 induces the exact sequence
0→(Kab)H→(H0)
ab→Hab→ 0.
Since (Nab)H0
ϕ¯
∼−→ (M
ab)H , the commutative and exact diagram
(Kab)H _

0 // (Nab)H0
∼

// (H0)
ab //

(F¯d)
ab //

0
0 // (Mab)H // Hab // (F¯u)
ab // 0
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yields the exact sequence
0→(Kab)H→(F¯d)
ab→(F¯u)
ab→ 0,
i.e. the exact sequence
0→(Kab)H→(IG/H)
n−1→(IG/H)
u2 ⊕ Zu3p → 0.
It follows that u3 has to be zero, since ((IG/H)
n−1)G/H = F
n−1
p surjects onto Z
u3
p ,
and (Kab)H ∼= (IG/H)
s, s = n− 1− u2, since it has no factor isomorphic to Zp or
Zp[G/H ] as contained in (IG/H)
n−1. The exact and commutative diagram
1 //M // G // G/M // 1
1 // N //
OOOO
G0 //
OOOO
G0/N
OOOO
// 1
yields the exact and commutative diagram
0 //MG∗/G∗ // G/G∗ // (G/M)/(G/M)∗ // 0
0 // NG∗0/G
∗
0
//
OOOO
G0/G
∗
0
//
OOOO
(G0/N)/(G0/N)
∗
OOOO
// 0.
Using part 3, it follows that d(G/M) = d(G0/N) = n. Now the exact sequence
1−→ F¯(p−1)u2 −→G/M −→G/H −→ 1
induces the exact sequence
0−→(F¯(p−1)u2)
ab
G/H −→(G/M)
ab−→G/H −→ 0,
i.e. the exact sequence
0−→F u2p −→(G/M)
ab−→Fp−→ 0.
Since (G0/N)
ab is elementary abelian, the same is true for its homomorphic image
(G/M)ab. It follows that of d(G/M) = u2 + 1. Hence u2 = n − 1, and so
(KabH)G/H = 0. It follows that K = 1, i.e. ϕ is bijective. This proves part 4.
Part 5: Let n = 0, then ϕ is an isomorphism.
Proof : Let σ ∈ G be a pre-image of a generator of G/H and L =
m
∗
j=1
Lj . Consider
the commutative diagram
1 //
p−1
∗
i=0
Lσ
i
∗ Fu // G // G/H // 1
1 //
p−1
∗
i=0
Lσ
i
∗ Γ p //
OOOO
L ∗ Γ //
ϕ
OOOO
G/H // 1.
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Since ϕ is surjective, and so Γ p ∼= Zp ։ (F¯u)
ab is a surjection of Zp[G/H ]-
modules, we obtain u2 = 0 and u3 ≤ 1. Suppose u3 = 0. Then H = ∗p−1i=0Lσi and
the exact sequence
0−→Hab−→G/[H,H ]−→G/H −→ 0
splits, because of H2(G/H,Hab) = 0. It follows that G/G∗ ∼= G/H⊕(H/H∗)G/H ,
i.e. d(G) = d(L) + 1.
Let G1 be a finitely generated torsion-free and freely indecomposable pro-p
group not isomorphic to Zp having a surjection G1 ։ Zp (e.g. G1 = Zp ⊕ Zp),
and let G′ = G1 ∗G and ψ : G
′
։ G be the homomorphism which is given by the
identity on G and the homomorphism π : G1 ։ Zp→G mapping a generater of
Zp to σ. Let H1 ⊆ G1 be the kernel of the surjection G1
pi
→G։ G/H . Using the
Kurosh subgroup theorem, we get an exact and commutative diagram
1 // H // G // G/H // 1
1 // H1 ∗H ∗ Fp−1 //
OOOO
G1 ∗G //
ψ
OOOO
G/H // 1,
Considering the group G′ instead of G, we are in the situation n ≥ 1 because of
G1 = NG′(H1) 6= H1, and we can use the result obtained in that case. Hence
G′ = G1 ∗G ∼= G1 ∗ L
which is obviously a contradiction as d(G′) = d(G) + d(G1) = d(L) + 1 + d(G1).
Thus u3 = 1 and it follows that the surjection H0 ։ H is bijective, i.e. ϕ is an
isomorphism. This finishes the proof of the theorem. 
Proof of Theorem 2: The equivalence (i)⇔(ii) is theorem (1.14).
In order to prove (iii)⇒(iv) let H be an open subgroup of G such that all open
subgroups H ′ ⊆ H are decomposable, and so by (1.6) the augmentation ideals IH′
are decomposable. Using (1.4) (i) and (iv), it follows that h1(G) = h1(H
′) =∞.
Assuming (iv), it follows that there is an open subgroup H of G such that IH
has a direct summand isomorphic to ΛH , see (1.4)(ii). Suppose that IH ∼= ΛH ,
then by (1.4)(iii) H ∼= Zp and h
1(G) = h1(H) = 1, a contradiction. It follows that
IH ∼= M ⊕ ΛH , where M is a non-trivial left ΛH-module. From theorem (1.14)
and (1.10) it follows that H = H0 ∗ F1 is freely decomposable, H0 a non-trivial
closed subgroup of H and F1 ∼= Zp. Using Kurosh’ subgroup theorem we see that
all open subgroups of H are freely decomposable.
If G is torsion free, then by (2.4) we have (i)⇔(iii). 
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Proof of Corollary 1: From theorem 2 and (1.3)(ii) it follows that G is freely
indecomposable if and only if H is. Let
G =
s(G)
∗
i=1
Gi
be a decomposition of G into freely indecomposable closed subgroups Gi. Recall
the pro-p analog of Kurosh’ subgroup theorem for open subgroups of free pro-
p products, see [12] (4.2.1): There exist systems Si of representatives si of the
double coset decomposition G =
⋃.
si∈Si
HsiGi for all i and a free pro-p group Fr
of the finite rank
r =
s(G)∑
i=1
[(G : H)−#Si]− (G : H) + 1,
such that the natural inclusions induce a free product decomposition
H =
s(G)
∗
i=1
∗
si∈Si
(Gsii ∩H) ∗Fr.
Since Gsii ∩ H is an open subgroup of G
si
i , it is freely indecomposable by (2.4),
hence
s(H) =
s(G)∑
i=1
#Si +
s(G)∑
i=1
[(G : H)−#Si]− (G : H) + 1 = (G : H)(s(G)− 1) + 1.
This proves part (ii) of the corollary. The proof of part (i) follows from proposition
(2.5) below. 
Proof of Corollary 2: Recall that G is a duality group of dimension 2 if and
only if D1(G,Fp) = 0, i.e. h
1(G) = 0, see [12] (3.4.6). According to theorem 2
this is equivalent to the indecomposability of G resp. IG.
Now let G be a torsion-free 2-generator group. If it would be freely decom-
posable, then it would be free. Thus it is freely indecomposable if cdpG = 2, and
so it is a duality group.
Proposition 2.5 Let G be a finitely generated torsion-free pro-p group. Let
G =
t
∗
i=1
Hi ∗ Fr.
be a decomposition of G as free pro-p product, where Hi, i = 1, . . . , t, are freely
indecomposable closed subgroups, which are not free, and Fr is a free group of
rank r, i.e. s(G) = t + r. Let
IG =
t′⊕
i=1
Mi ⊕ Pr′
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be a decomposition of IG into indecomposable left ΛG-modules Mi, i = 1, . . . , t
′,
which are not isomorphic to ΛG, and a free ΛG-module Pr′ of rank r
′. Then we
have the following assertions.
(i) Let G be free. Then t = t′ = 0, r = r′ = d(G),
s(G) = f(G),
the ΛG-module HomΛG(IG, ΛG) is free of rank d(G) = f(G) and there is an
exact sequence 0−→ΛG−→Λ
f(G)
G −→H
1(G,ΛG)−→ 0.
(ii) If G is not free, then t = t′, r = r′,
s(G) = f(G) + 1
and the ΛG-modules HomΛG(IG, ΛG) and H
1(G,ΛG) are free of rank f(G)+1
and f(G), respectively. Furthermore, up to a re-ordering there are isomor-
phisms Mi ∼= JHi, i = 1, . . . , t, of left ΛG-modules.
Proof: Since IFr
∼= (ΛFr)
r, [12] (5.6.3), (5.6.4), we have JFr
∼= (ΛG)
r. Using
(1.6), we obtain
IG =
t⊕
i=1
JHi ⊕ (ΛG)
r.
Since Hi is not free, we have
Ext1G(JHi ,Fp)
∼= Ext1Hi(IHi,Fp)
∼= H2(Hi,Fp) 6= 0,
hence JHi is not a free ΛG-module.
If G is free of rank d(G), then we have an isomorphism IG ∼= Λ
d(G)
G , [12]
(5.6.3), (5.6.4). Furthermore, since G is a duality group with dualizing module
lim
−→n
D1(G,Z/p
nZ)) and since H1(G,ΛG) = D1(G,Z/pZ)
∨, we obtain
H1(G,ΛG)G = H
0(G,D1(G,Z/pZ))
∨ ∼= H1(G,Fp).
If follows that d(G) = dimFp H
1(G,ΛG)G = f(G). This proves (i).
If G is not free, then t ≥ 1. From theorem 2 it follows that h1(Hi) = 0,
i = 1, . . . , t. Since ΛG is ΛHi-projective, the functor ΛG⊗ˆΛHi− is exact, and we
obtain the exact sequence
(†) 0−→ JHi −→ΛG−→ΛG⊗ˆΛHiFp−→ 0.
Using (1.5)(ii) and the assumption that G is torsion-free and so Hi is not finite,
we have
HomΛG(ΛG⊗ˆΛHiFp, ΛG)
∼= HomΛHi (Fp,ResHiΛG) = 0
and
Ext1ΛG(ΛG⊗ˆΛHiFp, ΛG)
∼= Ext1ΛHi
(Fp,ResHiΛG) = H
1(Hi,ResHiΛG) = 0.
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Therefore the exact sequence (†) yields the isomorphism
ΛG
φ˜Hi
∼−→ HomΛG(JHi, ΛG),
where φ˜Hi = ΛG⊗ˆΛHiφHi . Thus JHi is indecomposable and HomΛG(IG, ΛG)
∼=
(ΛG)
t+r. Furthermore, it follows that the composite map
ΛG
φG
−→HomΛG(IG, ΛG)
pr1
−։ HomΛG(JH1 , ΛG)
is an isomorphism. Therefore, we get an isomorphism
(ΛG)
t−1+r ∼=
t⊕
i=2
HomΛG(JHi , ΛG)⊕ HomΛG((ΛG)
r, ΛG) −→∼ H
1(G,ΛG).
The last assertion follows from the Krull-Schmidt-Azumaya theorem (1.1)(ii).

3 Appendix: Abstract groups
A finitely generated (abstract) group admits a decomposition into a free prod-
uct of freely indecomposable groups, called its Grushko decomposition:
Theorem (Grushko, Kurosh): Every finitely generated group G is the free product
of finitely many freely indecomposable subgroups Gi, i = 1, ..., s, i.e.
G =
s
∗
i=1
Gi.
This decomposition is unique in the following sense: if
G =
n
∗
i=1
Gi =
m
∗
j=1
Hj
are two decompositions of G into freely indecomposable subgroups, then n = m
and if Gi is not isomorphic to Z, then there exist an element σi in G such that
(after possibly re-ordering)
Gi = (Hi)
σi.
In particular, the number s(G) = n of freely indecomposable factors of G is an
invariant of G.
The uniqueness statement above follows from Kurosh’ subgroup theorem.
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Theorem (Kurosh): Let
G =
s
∗
i=1
Gi.
be a decomposition of the finitely generated group G and let H be a subgroup of
G of finite index. Then H admits a free product decomposition
H =
s
∗
i=1
∗
si∈Si
(Gsii ∩H) ∗Fr,
where Si are systems of representatives si of the double coset decomposition
G =
⋃.
si∈Si
HsiGi and Fr is a free group of the finite rank
r =
s∑
i=1
[(G : H)−#Si]− (G : H) + 1.
Let R be an arbitrary principal ideal domain.
Theorem: Let G be a finitely generated torsion-free group.
(i) (Hopf): The R-module H1(G,R[G]) is a free of rank 0, 1 or ∞ and
rankR H
1(G,R[G]) = 1 if and only if G = Z.
(ii) (Stallings): rankR H
1(G,R[G]) = ∞ if and only if G is freely decompos-
able.
Since H1(G,R[G]) ∼= H1(H,R[H ]) if H is a subgroup of G of finite index, we
get the following corollary.
Corollary: Let G be a finitely generated torsion-free group and let H be a sub-
group of finite index. Then H is freely decomposable if and only if G is freely
decomposable.
The following theorem is an immediate consequence of the theorems above
and might be well-known but we can not find it in the literature.
Theorem 3.1 Let G be a finitely generated torsion-free group and let H be a
subgroup of finite index. Then
s(H) = (G : H)(s(G)− 1) + 1,
where s(G) and s(H) are the number of freely indecomposable factors of G and
H, respectively.
Proof: Let G = ∗s(G)i=1 Gi be a decomposition of G into freely indecomposable
subgroups Gi. By Kurosh’ subgroup theorem we have the decomposition
H =
s(G)
∗
i=1
∗
si∈Si
(Gsii ∩H) ∗Fr.
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Since Gsii ∩ H is a subgroup of G
si
i of finite index, it is freely indecomposable,
hence
s(H) =
s(G)∑
i=1
#Si +
s(G)∑
i=1
[(G : H)−#Si]− (G : H) + 1 = (G : H)(s(G)− 1) + 1.

Concerning the structure of H1(G,R[G]) one knows that this R-module is
isomorphic to 0 or R or
⊕∞
1 R, if G is an infinite finitely generated group. Now
we consider this cohomology group with its right R[G]-module structure given by
right multiplication on R[G]. Again we define
f(G) = rankR H
1(G,R[G])G
(we will see that f(G) does not depend on R).
Theorem 3.2 Let G be a finitely generated torsion-free group. Let
G =
s(G)
∗
i=1
Gi.
be a decomposition of G as free product, where Gi, i = 1, . . . , s(G), are freely
indecomposable subgroups. Then we have the following assertions.
(i) If G is free, then s(G) = f(G), and there is an exact sequence
0−→R[G]−→R[G]f(G)−→H1(G,R[G])−→ 0.
(ii) If G is not free, then s(G) = f(G)+1 and the right R[G]-moduleH1(G,R[G])
is free of rank f(G).
Proof: Since G is infinite, the exact sequence
0−→ IG−→R[G]−→R−→ 0
yields the exact sequence
0−→R[G]
φ
−→HomR[G](IG, R[G])−→H
1(G,R[G])−→ 0 ,
where φ(ξ) : x 7→ ξx. Using [5] (4.7), we have
IG =
s(G)⊕
i=1
JGi,
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where JGi = R[G]⊗R[Gi] IGi.
If G is free of rank s(G), then IG ∼= R[G]
s(G), as IZ ∼= R[Z], and we obtain
the exact sequence
0−→R[G]−→R[G]s(G)−→H1(G,R[G])−→ 0 .
Since G is a duality group with dualizing module H1(G,Z[G]), see [2] (5.1), we
obtain
H0(G,H
1(G,R[G])) ∼= H1(G,R) ∼= Rs(G).
If follows that s(G) = f(G).
If G is not free, then at least one factor Gi is not isomorphic to Z, say G1.
From Stallings’ theorem it follows that H1(G1, R[G1])) = 0. Since R[G] is R[G1]-
projective, the functor R[G]⊗R[G1] − is exact, and we obtain the exact sequence
(†) 0−→ JG1 −→R[G]−→R[G]⊗R[G1] R−→ 0.
Using Frobenius reciprocity, we have
HomR[G](R[G]⊗R[G1] R,R[G])
∼= HomR[G1](R,ResG1R[G]) = 0
and
Ext1R[G](R[G]⊗R[G1]R,R[G])
∼= Ext1R[G1](R,ResG1R[G])=H
1(G1,ResG1R[G])=0.
From the exact sequence (†) we obtain the isomorphism
R[G]
φ
∼−→ HomR[G](JG1, R[G]),
and so a commutative and exact diagram
HomR[G](
⊕s(G)
i=2 JGi, R[G]) _

// H1(G,R[G])
0 // R[G] // HomR[G](IG, R[G])

// H1(G,R[G]) // 0
R[G]
∼ // HomR[G](JG1 , R[G]).
Since HomR[G](JGi , R[G])
∼= R[G] for all factors Gi (obviously for free factors and
for non-free be the consideration above), we get the isomorphism
H1(G,R[G]) ∼=
s(G)⊕
i=2
HomR[G](JGi, R[G])
∼= R[G]s(G)−1.
This finishes the proof of the theorem. 
Since in the situation of abstract infinite groups the Krull-Schmidt-Azumaya
theorem does not hold in general, and furthermore the R[G]-module R[G] is not
necessarily indecomposable, we have not the full analog to the assertion (2.5).
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